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Introduction

“The transition from praxis to theoria—from mathematics as tekhne (techniques
for dealing with practical activities) to mathematics as episteme and gnosis (a form of
pure knowledge)—occurred only once in human history, namely, among the classical
Greeks. No earlier mathematical tradition gives evidence of such a theoretical dimension,
and where one encounters mathematical theory among later traditions, it is in the context
of some manner of borrowing from the ancient Greek precedent™

The goal of this paper is to examine the above “Greek precedent,” their process of
developing mathematics as well as other scientific theory. We will first examine the rise
of rational thought and beginnings of deduction in the Archaic Era, using Thales as a
representative of the time period. Then we will see how Aristotle added the syllogism and
emphasis on observation during the Classical Era in order to enhance and codify
deductive reasoning. Finally, Archimedes enters the picture and introduces an inductive
method of discovery that crosses the disciplines of mathematics and mechanics.
Throughout the paper are examples of how the Greeks applied their mathematical and
scientific knowledge in order to demonstrate what new developments in reasoning added
to the times.
Thales

Thales was a citizen of Miletus who lived in the Archaic Age of Greece. He was
eventually considered one of the seven sages of Greece and was even regarded as the first
philosopher and the father of science. He was the first Greek we know of who introduced
the basis of rational thought, that natural phenomena were caused by underlying, general

principles, not gods. As a mathematician, Thales discovered many fundamental concepts

! [Brunschwig and Lloyd] page 386
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in geometry. He demonstrated such principles as the congruency of opposite angles, the
congruency of base angles of an isosceles triangle, and that the diameter of a circle
divides it into two equal sections. These findings seem rather obvious, but that Thales
explicitly stated these conclusions makes it clear that deductive reasoning was
developing. In this way he established foundational principles from which less obvious,
more abstract results could be derived. But Thales also used his knowledge in practical
ways. By using similar triangles when his shadow was equal to his length, he was able to
calculate the height of the pyramids. He probably knew the path of the sun with respect to
the earth because he set the year at 365 days. He also fixed the dates of the solstices and
predicted eclipses. In order to show that philosophers were capable of making money, he
bought all the olive presses in his city-state after predicting that the harvest for that year
would be particularly fruitful. In this way he showed that application of theory could be
useful concerning business as well. Thales embodied the transition to rational thought,
the foundation of deductive reasoning. His appearance set the stage for theoreticians who
would follow.
Aristotle

After the Archaic Era came the Classical Era, for which Aristotle was the indisputable
icon of deductive reasoning. At the age of seventeen, Aristotle traveled to Athens to study
at Plato’s Academy, where he remained for twenty years. During his stay, Aristotle
introduced the most compelling form of reasoning up to that point, the syllogism. A
syllogism is a set of three propositions in which one (the conclusion) is deduced entirely
from the other two, which are assumed to be true. Thus the validity of the conclusion is

based exclusively on the truth of the stated premises. While syllogisms are not
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necessarily tools of discovery, they do reveal what results from a set of principles
assumed to be true. This is why Aristotle asserted definitions meticulously; in fact, he
wrote at length about definitions in his treatise Posterior Analytics. A definition, in a
way, can be an axiom—it involves an idea and affiliated beliefs taken as true. Aristotle
also believed that there was “one science corresponding to one genus,” or, category?. In
other words, he believed that the results of one field of study could not be applied to
another except through analogy, which may have limited interdisciplinary study.

Avistotle certainly added to deductive reasoning when he codified his approach, but
his dependence on observation without experiment qualifies much of what he
hypothesized. For instance, he says in The History of Animals that males have more teeth
than females, which is untrue and perhaps based on a limited number of observations.’
Hellenistic Era

One year after Aristotle died (323 BC) came the next era in Greece: the
Hellenistic Era. Hellenistic scientists gave birth to the experiment’s role in development
of theory. While Classical scientists were primarily concerned with observation and the
deductive method, Hellenistic scientists oriented themselves towards the scientific
method that we understand today.

In order to illustrate the difference, we can take an example of Archimedes
refuting Aristotle.” Aristotle, through observation and philosophical deduction, had
argued that the there could be no ratio of force to distance traveled by an object. Aristotle
provided the example of a ship that took a multitude of men to move. He explained that if

the hypothesis were true, it would imply that a single man could move the ship, but very

2 [Brunshwig and Lloyd] page 570
® http://en.wikipedia.org/wiki/Aristotle, accessed April 29, 2006
* [Russo] pages 25-26
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slowly. Since he had never observed this, he deemed it impossible.> Archimedes, on the
other hand, by creating a system of simple machines that gave enough mechanical
advantage, debunked Aristotle by moving a ship single-handedly.

Concerning mathematics, Euclid ushered in a new way of structuring the
discipline.® He established a mere five assumptions (postulates), which resulted from the
tools available at the time: the ruler and the compass. Since lines and circles could be
drawn with these instruments, the postulates gave the base assumptions about these
figures in an ‘ideal” world. In his works on geometry, Euclid built up his theory solely
from definitions and the original five postulates. In this way, he redefined the apodeixis
(“proof”) as the path one takes from these postulates to the theorem he was trying to
prove—this was one of the first times that assumptions were stated so clearly.

Enter Archimedes

Into this Hellenistic world was born Archimedes. He had the tools of deduction,
observation, and experiment at hand because of the work of his predecessors; but he
would soon add to this array. Archimedes crafted many new inventions that granted him
fame even though it appears (according to Plutarch) that his own motivations were
primarily for the development of pure theory.” Although it still remains unclear whether
Archimedes considered himself more of a theoretician or practitioner (or whether he even
made this distinction), Plutarch cast Archimedes as an intransigent_theoretician who
“despised application.”

Archimedes was in contact with the head of the Library of Alexandria,

Eratosthenes of Cyrene, with whom he corresponded about mathematical theory, as we

® Aristotle, Physica, VII, v, 250a
® [Russo] pages 39-40
" Plutarch, Vita Marcelli XVII, 4 (307)
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shall see below in an excerpt from his treatise on Method. Archimedes also wrote many
treatises on scientific theory and even invented the field of hydrostatics. In his treatise On
Floating Bodies, Archimedes laid out the fundamental principles of hydrostatics. While
the book contains nothing explicit about the application of the theory, it was written such

that an application to shipbuilding, for example, would be straightforward.

Archimedes was even the first to establish 2% as an upper bound of the

mathematical constant rt. In order to do this, he employed the method of exhaustion,
through which he “trapped’ rt by both inscribing and circumscribing circles with polygons
of higher and higher numbers of sides. Archimedes applied this method to find other
geometrical results, particularly with respect to parabolas and ratios of sections therein.

In his mathematical treatise Sand Reckoner, Archimedes created a number system
capable of counting all of the grains of sand in the universe. Before this work, the Greeks
had not yet developed a way to count to such a large number. Archimedes’s new method
of counting resembled our modern exponential notation, a major leap for mathematics.
He also clarified the concept of the infinite, showing that even such a large calculation as
the number of grains of sand in the world is finite.

Concerning mechanics, Archimedes recognized the importance of the center of
gravity throughout his works, proving how it could be calculated for both two-
dimensional and three-dimensional geometrical figures. Interestingly enough, though,
Archimedes does not define the concept of center of gravity in any of his extant works.
Archimedes probably developed the fundamentals in On Centers of Gravity and assumed

these principles in successive writings.?

® [Heath] p. xxxvii
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Archimedes illustrated his confidence in his work on levers with his well-known

claim: 86¢ poi ol oTW Kai Tav yav Kiviiow (“Give me a place to stand, and | will

move the earth”). King Hieron of Syracuse actually decided to test this. When the king
had finished construction of an enormous ship, he called on Archimedes to launch the
ship. While it took hundreds of men to originally move the ship, Archimedes moved it
himself by means of a series of simple machines. This feat directly contradicted
Aristotle’s claim that a small force could not be distributed over a long time in such a
way, as explained in the section above on Aristotle.

Due in part to his work with the ship, Archimedes was one of the most prominent
figures in the field of mechanics. Both Plutarch and Pappus, a fourth century AD
mathematician, credited Archimedes with discovering how to determine the mechanical
advantage of levers, which resulted in catapults with much greater accuracy. This also
gave birth to other contraptions that allowed force to be distributed and applied wherever
most convenient, as in the example of the system Archimedes used to move Hieron’s
ship.?

One of the most famous stories about Archimedes is the following.'® King Hieron
of Syracuse was curious about how pure the gold was in his new crown and wanted to
know whether the craftsman cheated him. Archimedes discovered a solution when he was
taking a bath and realized that water displacement provided an accurate measure of
volume. He was so excited that he ran out naked, shouting “Eureka,” which means “I
have discovered it.” In this way Archimedes discovered buoyancy, the crux of one of his

most influential works, On Floating Bodies. Demonstrating a direct application of this

° [Russo] 71
Witruvius, Architect. 1X. 3
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treatise, Archimedes invented the hydrostatic balance, which served as a way to find the
specific gravity of a substance.

When his hometown of Syracuse was under attack by the Roman general
Marcellus, Archimedes was called on to create new defenses for the city. Archimedes
was the master designer behind accurate catapults and other contrivances that terrified the
onslaught of Roman soldiers. Due to Syracuse’s surprising resistance, Marcellus ordered
his troops not to kill Archimedes and to lay a siege. Although Marcellus wanted to
capture Archimedes alive, all accounts of his death involve a Roman soldier killing him
out of rage. In one account, after Syracuse was conquered by Marcellus, a Roman soldier
found Archimedes drawing in the sand. He commanded Archimedes to follow him;
Archimedes refused, intent on continuing with his scratch work on the sand.** The
frustrated Roman soldier killed him on the spot. Such an account exemplifies
Archimedes’s image as a focused theoretician.

Method

In 1906 the philologist Johan Ludvig Heiberg grew curious after reading Greek
text that referred to a work of Archimedes in the same manuscript. Heiberg traveled to
Constantinople in order to investigate the original manuscript. He soon discovered that
the part of the parchment containing Archimedes’s text had been scraped off in the 10"
century in order to make room for other writing -- in other words, that the manuscript was
a palimpsest. Fortunately, the scraping was not thorough enough to erase the words of

Archimedes.*?

! Dijksterhuis] p. 30
12 [Heath] p. 5 of Method supplement
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These newly discovered writings contained, among other things, Archimedes’s
treatise on Method, which had been thought lost. The work finally gives a glimpse into a
prominent Greek theoretician’s inductive process, which had never before been
documented. Archimedes describes a mechanical heuristic whereby he treats components
of geometric figures as levers, manipulating these as tools for discovering new areas to
research. The text describes some simple theorems that use this principle, later building
up to more complicated ones. Archimedes ends by giving the rigorous demonstration
(apodeixis) of these ideas.

Archimedes makes it clear that even though his technique does not constitute a
proof of theorems, it is a valuable tool for discovering new ideas that could later be
proven rigorously. This method was a new inductive process that was neither widespread
nor even accepted as proof. It is not clear why other ancient authors did so, but it was
customary to leave no traces of the method that initially spawned the work to complete a
proof.*® Method thus allows us to see another facet of reasoning introduced in the
Hellenistic Era.

Selected Text of Archimedes’s Method

From Method | have extracted sections that illustrate Archimedes’s purpose and
the significance of his method. Below is the original text followed by my translation.
ApXIUAdNG 'EpatocDével eb mpdtrery.

AéoTEINd 601 TPOTEPOV TV EVPNUEVWY OswprudTwy [06]
dvaypdag adT®V TG TPOTACELG PAuEVOG EVpiokely

tavtag taG dmodeiéelg, dg ovk eimov éni tod mapdvrog: [08]
ﬁ%ow d¢ TV aneotaAuévwy Bewpnudtwy ai TpoTdoelg

aioe’

... ZupPaiver d¢ [07]
Tadta T& Oswpnuata Sta@épely TV mpdtepov epNUEVWV!

3 [Heath] p. 6-7 of Method supplement
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EKETVA UEV Yap TG oxXAUATA, TA T KwVoeldf] Kal o@atpoerdi] [09]
Kal Ta TURPATA <a0TGV, TG UEYEDEL GXNUAOL> KOVWV

Kol KUAIVOpwV cuvekpivapev, Emmédorg 8¢ nepiexopévew  [11]
OTEPER OXAUATL OVJEV AOTDV 10V €0V €UpNTAL, TOUTWV

3¢ T@OV oxnudtwv T@OV duoiv Emmédoig kal ém@aveiog  [13]
KUAIVOpwV EKAGTOV £VI TOV EMMESOLC TEPLEXOUEVWV

oTEPEQV oXNUdTWV ooV evpioketal. [15]

TovUtwv 31| TV Oewpnudtwy tag drodeieig év Tdde

@ P1PAlw ypapag arnooteA® cot. [17]

‘Op&yv 8¢ o, kabdmep Aéyw, omovdaiov Kal @rAocoPing
npoeot@Ta GEIOAGYWG Kal TV €V Toi¢ pabruacty kata [19]

10 Unomintov Bewpiav teTiunkota €dokipaca ypdat

oot Kal €ig t0 a0to PipAiov €opicat tpdmov Tivog ididtnta, [21]
kaf' &v oot mpexépsvov gotar AapPdaverv dpopuag i to
dvvachal Tiva T@v €v t01q poc@npoccn Gswpsw dhatodv 23]
pnxavmwv ToUto 8¢ nsnslopoa XPNOLHOV €ivat 00dEV

nooov Kal €ig TV ocnoSstEw avTOV TOV Bewpnudtwy. [25]

Kai yap tiva tdv mpdtepdv pot (pavsvw)v pnxavqu

vctspov yswpsrpqu omsSaxen 1 To xwplg anoSetEewg [27]
eival TNV 1 ToUTOL TOD tponov Bewplov: sromorspov

Yép £ott TpoAafdvta did Tob Tpdmov yv@oiv tiva tidv  [01]
Zntnpo’ttwv nopicacBat Thv &néSaEw UGAAOV 7 undevog
syvcoopsvou {nteiv. <... Atdomep Kal T@OV 68¢0pﬂ>patwv [03]
TOUTWV, WV EUSOEOQ sinuansv npwtog tr]v ano5a§w

epl T KWVOL Kal Tfi¢ Tupapidog, 6tt tpitov uépog  [05]

0 HeV K@Vo¢ ToD KUALVSpov, 1] 8¢ Tupapic Tod mpiouartog,

@V Pdotv éxdvtwy v adthv kal Uog {oov, o0 uikpav [07]
Grovelpat &v T Anuokpite pepida mpwtw TtV drd@acty

TNV Tepl ToD lpnuévou oxAuatos Xwpic anodeifewg [09]
aroenvapévey. Huiv 8¢ cvufaivel kai tod vov ékdidouévou
Bewpnuatog tnv elpeotv opoiav taig tpdtepov yeyevijoboar:  [11]
NPovANOnV 8¢ Tov Tpdmov avaypdag E€eveykelv Gua

pev kai dix to mpoetpnkévar UmeEp adTod, un Tiotv dok@uev  [13]
KeVIV @V KataPePAiiobat, dua 6¢ kol enelopévog

€1¢ TO uddnua o0 wikpav av cvuParécdat xpeiav: vmo- [15]
Aaupavw y&p tivag i TOV Svtwv A Emtytvouévwy i

T00 amoderxBévtog tpénou Kol AAAa Oswprpata obnw  [17]
Nuiv ovvnapansntwmta svpnosw

Tpd@opeV 00V TPOTOV TO Kal TPGHTOV cpocvev dix v [19]
UNXAVIK®V, OTL TV TUfHX 0pOoywVviov KWVou Toufg

EMITPLTOV €0TIV TPLYWVOUL TOU Pdoty €xovtog Ty adthv [21]
ka1 Uog Toov, peta de todto £kaotov TV d1a Tod adTol
tpénov Gswpneé\/twv émi téAet 8¢ To0 PipAiov ypdgouev  [23]
Tag yswpsrp1<mc anodeieig Exelviv TdOV Bewpnudtwy,

OV Tag Tpo>Tdoelg dneoteilapév <col tpdtepov>,  [25]
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Translation

5 Archimedes wishes Eratosthenes to do well.

I sent to you earlier (some) of the theorems discovered (by me),

I having described the propositions of them and saying that | was discovering
These proofs, which | had not spoken of during the present time;

Of these theorems that | had sent, the propositions were the following;...

[Lines 10 through the end of page 82 and lines 1 through 6 on page 83 are skipped since
their technical depth does not contribute to this deliverable.]
7 It happens that
these theorems differ from the ones discovered previously;
for those figures, both the conoids and the spheroids
10 and the sections <of these,> we compared them <with respect to size with the figures>
of cones and cylinders, but with respect to their planes,
not one of them was found to be equal to a solid body surrounded by planes,
but of these figures, of the cylinders with two planes and surfaces,
each (of them) was found (to be) equal to one of the
15 solid figures surrounded by planes.
The proofs of these theorems in this
book I am writing, 1 will send to you.
Seeing that you, just as | say, stand out seriously and
in a way that is worthy of philosophy and that you have honored the
20 theory in mathematics as the occasion arises, | have decided to write to
you and for the same book to define completely the idiosyncrasy of a certain method,
according to which it will be provided for you to take the starting points in order to
be able to Bswpeiv (theorize) some of the (elements) in mathematics through
mechanics. But | am persuaded that this is no
25 less useful also for the proof of the theorems themselves.
Furthermore, some of the things that first appeared to me by means of mechanics
later were proved by means of geometry because the theory through this method
is apart from the proofs;
1 grasping some of the open questions through knowledge of the method, it is easier
to provide the proof than
to search knowing nothing. <Therefore of these theorems>,
of which Eudoxus was the first to discover the proof,
5 concerning the cone and the pyramid, that
the cone is a third part of the cylinder, or the pyramid (is a third part of the) prism,
both when they have the same base and equal height,
someone might give Democritus no small part (credit), who first
revealed a revelation concerning the figure discovered apart from proof.
10 But it happens for us also that the discovery of the theorem now being published
took place similarly to the previous (discoveries);
but describing the method | wished on the one hand to publish
on account of having spoken about it ahead of time, so that we do not seem to some
to have made (thrown down) an empty voice (claim), but at the same time | was persuaded

11
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15 that it would contribute no small advantage (use) to learning;
for | suppose that some of those being present or some of those coming (successors)
through the proven method will also discover other theorems
that have not yet occurred to us.
We first write that which has been revealed has been revealed first through the

20 mechanics, that every segment of a section of a right-angled cone
is four thirds of a triangle having the same base and
equal height, and after this each of the things through the same method
have been observed; at the end of the book we write
<the proofs of those theorems> with respect to geometry, (theorems)

25 <whose proposition> we have sent <to you previously>.
Analysis of Text

Archimedes attempted to start a new inductive practice with his “method.” He
chose to write to Eratosthenes because he trusted that Eratosthenes would make progress
in the discipline: “you have honored the theoria (Bewpiav) in mathematics as the
occasion arises.”* Archimedes also had a working relationship with Eratosthenes, so he
knew that Eratosthenes would listen to his idea. Furthermore, Archimedes believed that
his method would be very useful as a starting point (&popudc)™ for further investigation,
or, the starting point of a discovery process.
Archimedes used the word theoria several times in the text, drawing on its

relevant etymological significance. For the Greeks, the word theoréma originally meant a
religious vision that has been considered and held firm. It evolved from that form to its
specific meaning “theorem” in mathematics. The word is derived from theoros, a pilgrim
who was sent to consult an oracle. Later, the word designated someone who would
behold an event, as in a theater. Finally, this word was associated with contemplating and

considering; once this was used in a mathematical context, it referred to a theory or

speculation. Archimedes used the term throughout because it could refer not only to those

Y Method (page 83 lines 19-20)
> Method (page 83 line 22)

12
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observations proven with an apodeixis, but also to those that have been speculated on due
to his mechanical method.

Most importantly, Archimedes described his method as an idiotas (peculiarity).
This word implies that it is Archimedes’s own way of approaching mathematics, an
idiosyncrasy. By using this language, he suggested that other people had not approached
problems in a similar way. By publishing this as a text, Archimedes gave credit to the
inductive process of discovery in addition to the deductive proof. Perhaps by equating his
method as idiotas, he could get away with less criticism of the piece since he reported it
as only his own.

Archimedes explained that it was a mechanical (pnxavu«bv)m method, both
distinguishing it from the geometrical (yewuetpikéc)'” method that he would later use to
prove theorems and implying that the Greeks did not consider the mechanical method a
sufficient apodeixis of the theorems proposed. Archimedes claimed that this method was
useful for theorizing (Bewpeiv)™® even though the results were not technically theoria,
which require apodeixis.

Archimedes used a rhetorical understatement construction three times in his
opening statement. The first time, he implied that the mechanical method is “no less
useful for the proof of the theorems themselves.™ Later, he explained that Democritus
should receive “no small credit”?® for coming up with the revelation (dnépactv) of a

theory but not the apodeixis for it. Finally, Archimedes claimed that the mechanical

18 Method (page 83 line 24)

Y7 Method (page 83 line 27)

18 Method (page 83 line 23)

19 Metod (page 83 lines 24-25)
2 Method (page 84 line 7

13
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method would result in “no small advantage to learning.”?* In using the rhetorical
understatement three times, Archimedes clearly felt his method would have an impact on
mathematical research.

It is important to note the significance of his method being mechanical—
Archimedes found his inspiration by inserting levers into geometric figures and observing
what to do in order to “balance” the figures. This proves that Archimedes did not confine
his mathematical studies to the mathematical world. Rather, he used his practical ability
to contribute to the development of the theory itself—a reversal of the established
influence of theory on practice.

Conclusion

Archimedes discovered a new way of approaching geometry and mechanics, a
methodology which built on existing reasoning and paved the way for progress. He was
an accomplished mathematician, theoretician, and practicioner because he jumped the
barriers of disciplines. His inductive process in the field of mechanics fueled growth and
applications of the subject. His work Method gave other mathematicians new tools that
developed not only geometrical studies, but also mechanical studies. By presenting his
inductive process, he gave merit to the practice of jumping across the worlds of theory
and application.

Interestingly enough, Archimedes’s way of approaching research is not unlike our
framework today. New technologies often drive research just as research can spawn a
new field of technology—as an example, the microelectronics industry rapidly grew from
such interplay in the 20™ century. Today we also emphasize the interplay specifically

between mathematics and its applications, with applications spawning new fields of math

2! Method (page 84 line 15)
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research. We are throwing our own modern “levers™ into mathematics. Perhaps the
methods of ancient theoreticians are more similar to our own methods today than is

commonly thought.

15
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